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Zero mass ﬂuxAbstract Bionanoﬂuid is a nanoﬂuid in which bioconvection occurs. This paper studies the three
dimensional steady stagnation point ﬂow of a bionanoﬂuid with variable transport properties. All
the transport properties are dependent on the concentration. Zero mass ﬂux and thermal convective
boundary conditions are taken into account. The governing equations of the problem are nondi-
mensionalized and transformed into a set of similarity equations using similarity transformation
generated by Lie group analysis. The transformed equations are solved numerically using the
Runge-Kutta-Fehlberg fourth-ﬁfth order numerical method (RKF45). The solutions depend on
the viscosity parameter, thermal conductive parameter, mass diffusivity parameter, microorganism
diffusivity parameter, Schmidt number, bioconvection Schmidt number and Pe´clet number. These
controlling parameters affect the dimensionless velocity, temperature, nanoparticle volume fraction,
microorganisms, the skin friction coefﬁcient, the local Nusselt number and the Sherwood number as
well as the motile microorganism rate and are displayed graphically. The results were found to be in
good agreement with previous related studies.
 2016 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
The study of nanoﬂuids has gained a lot of attention from
researchers. A nanoﬂuid is a ﬂuid containing nanoscale-sized
particles (called nanoparticles) in a base ﬂuid [1]. The nanopar-
ticles have size ranges in diameter between 1 and 100 nm and
are typically made of metals, oxides, carbides, nitrides or non-
metals [2,3]. Nanoﬂuids are able to enhance heat transfer prop-erties such as thermal conductivity, thermal diffusivity,
viscosity and convective heat transfer coefﬁcients as compared
to those of the base ﬂuids such as water, kerosene and ethylene
glycol [1,4,5]. There are many applications of nanoﬂuids
including industrial cooling, detergency, nuclear reactions,
transportations, electronics, biomedical applications and
micromechanical systems [6,7].
Bioconvection is a process where suspensions of self pro-
pelled microorganisms, which are heavier than water, ﬂoat
upward and then the accumulation of microorganisms at the
upper surface becomes too dense and unstable and thus causes
the microorganisms to fall. ‘‘Return up” swimming microor-
ganisms maintain this bioconvection pattern [8]. Kuznetsov
et al. [9] found that hydrodynamic instability leads to the
Nomenclature
~b chemotaxis constant (m)
Bi Biot number Bi ¼ hfLk1
 
(–)
c2 viscosity parameter (c2 = c1C1) (–)
c4 thermal conductive parameter (c4 = c3C1) (–)
c6 mass diffusivity parameter (c6 = c5C1) (–)
c8 microorganism diffusivity parameter (c8 = c7C1)
(–)
cp speciﬁc heat at constant pressure
J
kg K
 
C nanoparticles volume fraction (–)
Cw wall nanoparticles volume fraction (–)
C1 ambient nanoparticle volume fraction (–)
DB(C) variable Brownian diffusion coefﬁcient
m2
s
 
Dn(C) variable diffusivity microorganism
m2
s
 
DT thermophoretic diffusion coefﬁcient
m2
s
 
f(g) dimensionless stream function (–)
g(g) dimensionless stream function (–)
k1 constant number (–)
k2 constant number (–)
k3 constant number (–)
k1 constant thermal conductivity WmK
 
k(C) variable thermal conductivity WmK
 
L characteristics length (m)
n number of motile microorganism (–)
Nb Brownian motion parameter Nb ¼ sDB;1C1a1
 
(–)
Nt thermophoresis parameter Nt ¼ sDTðTwT1ÞT1a1
 
(–)
Pe Pe´clet number ðPe ¼ ~bWcDn;1Þ (–)
Pr1 Prandtl number Pr1 ¼ t1q1cpk1
 
(–)
Sc Schmidt number Sc ¼ t1DB;1
 
(–)
Sb bioconvection Schmidt number Sb ¼ t1Dn;1
 
(–)
T nanoﬂuid temperature (K)
Tf convective surface temperature (K)
T1 ambient ﬂuid temperature (K)
u velocity components along the x-axis ms
 
u dimensionless velocity component along the x-axis
(–)
ue external ﬂuid velocity
m
s
 
ue dimensionless external ﬂuid velocity (–)
(uw)0 constant velocity component at the surface
m
s
 
(vw)0 constant velocity component at the normal surface
m
s
 
v velocity components along the y-axis ms
 
v dimensionless velocity component along the y-axis
(–)
w velocity components along the z-axis ms
 
w dimensionless velocity component along the z-axis
(–)
Wc maximum cell swimming speed
m
s
 
x dimensional coordinate along the surface (m)
x dimensionless coordinate along the surface (–)
y dimensional coordinate along the surface (m)
y dimensionless coordinate along the surface (–)
z dimensional coordinate normal to the surface (m)
z dimensionless coordinate normal to the surface (–)
Greek letters
g independent similarity variable (–)
h(g) dimensionless temperature (–)
l(C) variable dynamic viscosity of the ﬂuid kgms
 
l1 constant dynamic viscosity of the ﬂuid
kg
ms
 
t1 constant kinematic viscosity m
2
s
 
q1 constant ﬂuid density
kg
m3
 
s ratio of the effective heat capacity of the nanopar-
ticle material to the ﬂuid heat capacity (–)
/(g) dimensionless nanoparticles volume fraction (–)
v(g) dimensionless number of motile microorganism (–)
1984 N.A. Amirsom et al.development of bioconvection plumes which in the case of oxy-
tactic microorganism transports cells and oxygen from the
upper ﬂuid region to the lower ﬂuid regions. The applications
of bioconvection can be found in biomedicine (nanodrug deliv-
ery, cancer therapeutics) and bio-microsystems (enzyme
biosensors, biotechnology) [10,11]. Lee and Kim [12] have
investigated the formation of falling plumes that contain a sus-
pension of oxytactic microorganism in a three-dimensional
chamber. The top surface of the chamber is open to the atmo-
sphere and oxygen is reﬁlled by diffusion from the surface. The
plumes transport bacteria and oxygen from the upper bound-
ary layer to the lower region of the chamber which has become
depleted of both bacteria and oxygen. Raees et al. [13] have
analyzed the squeezing ﬂow of ﬂuid containing both nanopar-
ticles and gyrotactic microorganisms between the parallel
plates because it has importance in hydrodynamical machines,
polymer processing, compression and injection molding
and lubrication equipment. It should be noted that muchof the research on bioconvection involves Newtonian
ﬂuids.
Stagnation problem has been studied by many authors with
Hiemenz [14] being the ﬁrst. Stagnation ﬂow was reviewed
numerically by Schlichting and Bussmann [15] and analytically
by Ariel [16]. Bachok et al. [17] have investigated the ﬂow and
heat transfer of three dimensional stagnation points in a nano-
ﬂuid. Some researchers found that magnetic ﬁeld has effects on
stagnation ﬂows. For instance, Ibrahim et al. [18] have ana-
lyzed the effect of magnetic ﬁeld on stagnation point ﬂow
and heat transfer due to nanoﬂuid toward a stretching sheet.
Haq et al. [19] found that thermal radiation and slip have an
effect on MHD stagnation point ﬂow of nanoﬂuid over a
stretching sheet. Gireesha et al. [20] have investigated the inﬂu-
ence of magnetohydrodynamic effects on melting heat transfer
in boundary layer stagnation-point ﬂow of an electrically con-
ducting nanoﬂuid toward a stretching surface with heat
source/sink and induced magnetic ﬁeld.
Figure 1 Physical model of the problem [27].
Three dimensional stagnation point ﬂow of bionanoﬂuid 1985It seems that all of the previous researchers have used con-
stant thermal physical properties. However, recent experimen-
tal results have shown that thermal physical properties are not
constant but variable. Heat and mass transfer over a moving
porous plate with hydrodynamic slip and thermal convective
boundary conditions and concentration dependent diffusivity
were investigated by Hamad et al. [21]. Das et al. [22], Chan-
drasekar and Suresh [23], and Khanafer and Vafai [24] found
that the viscosity and thermal conductivity of nanoﬂuids are
strongly dependent on the concentration. Noghrehabadi and
Behseresht [25] have also considered the thermal conductivity
and viscosity of nanoﬂuids as a function of local volume frac-
tion of nanoparticles. These papers have motivated us to con-
duct a study on the variable properties but now with
microorganisms involved.
The objective of our present paper was to study numerically
the three dimensional steady point ﬂows of nanoﬂuid with
variable properties and microorganisms with zero mass ﬂux
in boundary condition as well as thermal convective. The gov-
erning boundary layer equations of the problem are nondimen-
sionalized and transformed into a set of coupled similarity
equations using similarity transformation developed by Lie
group analysis. Variables transport properties such as dynamic
viscosity l(C), thermal conductivity k(C), Brownian motion
DB(C) and microorganism diffusivity Dn(C) which are consid-
ered. The idea to consider variable Brownian motion and dif-
fusivity comes from the previous authors [22–24].
2. Mathematical formulation
A steady three dimensional stagnation point ﬂow of bio-
nanoﬂuid with variable transport properties as well as zero
mass ﬂux and thermal convective boundary conditions is con-
sidered. The velocities of the sheet along the x and y directions
are uwðxÞ ¼ ax and vwðxÞ ¼ ay and are shown in Fig. 1 respec-
tively. Tf is the convective surface temperature while T1 is the
ambient ﬂuid temperature, and ue is the external ﬂuid velocity.
The velocity components along the x, y and z directions are
measured by u, v and w respectively. By using these assump-
tions and standard boundary layer approximation, the govern-
ing equations are [26] as follows:
@u
@x
þ @v
@y
þ @ w
@z
¼ 0; ð1Þ
u
@u
@x
þ v @u
@y
þ w @u
@z
¼ k2ue due
dx
þ 1
q1
@
@z
lðCÞ @u
@z
 
; ð2Þ
u
@v
@x
þ v @v
@y
þ w @v
@z
¼ k2ve dve
dy
þ 1
q1
@
@z
lðCÞ @v
@z
 
; ð3Þ
u
@T
@x
þ v @T
@y
þ w @T
@z
¼ 1
q1cp
@
@z
kðCÞ @T
@z
 
þ s @
@z
½DBðCÞC @T
@z
þ sDT
T1
@T
@z
 	2
; ð4Þ
u
@C
@x
þ v @C
@y
þ w @C
@z
¼ @
@z
DBðCÞ @C
@z
 
þ DT
T1
@2T
@z2
; ð5Þ
u
@n
@x
þ v @n
@y
þ w @n
@z
þ
~bWc
C1
@
@z
n
@C
@z
 	 
¼ @
@z
DnðCÞ @n
@z
 
: ð6ÞThe relevant boundary conditions are given below [26,27]:
u ¼ uwðxÞ ¼ k1ax; v ¼ vwðyÞ ¼ k3ay; w ¼ 0;
 kðCÞ @T
@z
¼ hfðTf  TÞ;
@
@z
½DBðCÞC þ DT
T1
@T
@z
¼ 0ðPCÞ; C ¼ CwðACÞ;
n ¼ nw at z ¼ 0;
u ¼ ueðxÞ ¼ k2ax; v ¼ veðyÞ ¼ k2ay; T! T1; C! C1;
n! 0 as z!1:
ð7Þ
Following Nogrehabadi and Behseresht [25], we assumed
lðCÞ ¼ l1½1þ c1ðC C1Þ ¼ l1ð1þ c2/Þ;
kðCÞ ¼ k1½1þ c3ðC C1Þ ¼ k1ð1þ c4/Þ;
DBðCÞ ¼ DB;1½1þ c5ðC C1Þ ¼ DB;1ð1þ c6/Þ;
DnðCÞ ¼ Dn;1½1þ c7ðC C1Þ ¼ Dn;1ð1þ c8/Þ:
ð8Þ
where ue is the dimensional external ﬂuid velocity, q1 is the
constant ﬂuid density, cp is the speciﬁc heat at constant pres-
sure, ~b is the chemotaxis constant, Wc is the maximum cell
swimming speed, l(C) is the variable dynamic viscosity, k(C)
is the variable thermal conductivity, DB(C) is the variable dif-
fusivity of Brownian motion, Dn(C) is the variable diffusivity
of microorganisms, DT is the thermophoretic diffusion coefﬁ-
cient, l1 is the constant dynamic viscosity, k1 is the constant
thermal conductivity, DB,1 is the constant mass diffusivity,
Dn,1 is the constant microorganism diffusivity, c2 is the dimen-
sionless viscosity parameter, c4 is the thermal conductive
parameter, c6 is the mass diffusivity parameter, c8 is the
microorganisms diffusivity parameter, k1, k2 and k3 are con-
stant, PC is passively control and AC is actively control.
3. Nondimensionalization of the governing equations
Introducing the following dimensionless variables
x ¼ x
L
; y ¼ y
L
; z ¼ z
L
; u ¼ uﬃﬃﬃﬃﬃﬃﬃﬃ
at1
p ; v ¼ vﬃﬃﬃﬃﬃﬃﬃﬃ
at1
p ;
w ¼ wﬃﬃﬃﬃﬃﬃﬃﬃ
at1
p ; ue ¼ ueﬃﬃﬃﬃﬃﬃﬃﬃ
at1
p ; ve ¼ veﬃﬃﬃﬃﬃﬃﬃﬃ
at1
p ;
uw ¼ uwﬃﬃﬃﬃﬃﬃﬃﬃ
at1
p ; h ¼ T T1
Tf  T1 ; / ¼
C C1
C1
ðPCÞ;
/ ¼ C C1
Cw  C1 ðACÞ; v ¼
n
nw
:
ð9Þ
Table 1 Comparison of values of the reduced Nusselt number
h0(0) with the previous studies when Nb? 0, Nt= c2 =
c4 = 0, Bi= 1000.
Pr Gorla and Sidawi
[31]
(ﬁnite diﬀerence)
Khan et al. [27]
(shooting
method)
Present study
(RKF45
method)
0.07 0.0656 0.06562 0.06556
0.20 0.1691 0.16909 0.16906
0.70 0.45349 0.45392 0.45371
2.00 0.9114 0.91136 0.91053
7.00 1.8905 1.89542 1.89182
20.00 3.3539 3.35391 3.34269
70.00 6.4622 6.46220 6.42070
1986 N.A. Amirsom et al.the dimensionless forms of Eqs. (1)–(6) are as follows:
@u
@x
þ @v
@y
þ @w
@z
¼ 0; ð10Þ
u
@u
@x
þ v@u
@y
þw@u
@z
¼ k2ue due
dx
þ ð1þ c2/Þ@
2u
@z2
þ c2 @u
@z
@/
@z
 
; ð11Þ
u
@v
@x
þ v @v
@y
þw@v
@z
¼ k2ve dve
dy
þ ð1þ c2/Þ@
2v
@z2
þ c2 @v
@z
@/
@z
 
; ð12Þ
u
@h
@x
þ v@h
@y
þw@h
@z
¼ 1
Pr1
ð1þ c4/Þ@
2h
@z2
þ c4 @h
@z
@/
@z
 
þ Nb
Pr1
½1þ c6ð2/þ 1Þ@h
@z
@/
@z
þ Nt
Pr1
@h
@z
 	2
; ð13Þ
u
@/
@x
þ v@/
@y
þw@/
@z
¼ 1
Sc
ð1þ c6/Þ@
2/
@z2
þ c6 @/
@z
 	2" #
þ Nt
Nb
1
Sc
@2h
@z2
; ð14Þ
u
@v
@x
þ v@v
@y
þw@v
@z
þPe
Sb
v
@2/
@z2
þ @/
@z
@v
@z
 
¼ 1
Sb
ð1þ c8/Þ@
2v
@z2
þ c8 @v
@z
@/
@z
 
: ð15ÞTable 2 Comparison of values of the Nusselt number h0(0) when
Nt Nb
h0(0)
0.1 0.2
0.1 Present 0.092907 0.087332
Khan et al. [27] (0.092907) (0.08733
0.2 Present 0.092733 0.086762
Khan et al. [27] (0.092732) (0.08676
0.3 Present 0.092545 0.086119
Khan et al. [27] (0.092545) (0.08611
0.4 Present 0.092344 0.085385
Khan et al. [27] (0.092344) (0.08538
0.5 Present 0.092126 0.084538
Khan et al. [27] (0.092126) (0.08453The dimensionless boundary conditions in Eq. (7) are
u ¼ uwðxÞ ¼ k1ax; v ¼ vwðyÞ ¼ k3ay; w ¼ 0;
@h
@z
¼  Bið1þ c4/Þ ð1 hÞ;
@/
@z
ð1þ 2c6/þ c6Þ þ Nt
Nb
@h
@z
¼ 0; v ¼ 1 at z ¼ 0;
u ¼ ueðxÞ ¼ k2ax; v ¼ veðyÞ ¼ k2ay; h! 0;
/! 0; v! 0 as z!1:
ð16Þ
The parameters are deﬁned in the nomenclature.
4. Applications of scaling group of transformations
Numerical solution of the partial differential equations (PDEs)
is complicated and computationally expensive. Hence, we aim
to transform the governing PDEs in Eqs. (10)–(16) to ODEs.
To do so, we adopt the group method to transform PDEs to
ODEs [28]. In this paper, we use the scaling group transforma-
tion based on the invariance of PDEs with relevant boundary
conditions [29,30]. To carry out the scaling group type of
transformations, we scale all independent and dependent vari-
ables as
C : u ¼ ueea1 ; v ¼ veea2 ; w ¼ weea3 ; x ¼ xeea4 ;
y ¼ yeea5 ; z ¼ zeea6 ; ue ¼ ueeea7 ;
ve ¼ veeea8 ; / ¼ /eea9 ; h ¼ heea10 ; v ¼ veea11 ;
uw ¼ uweea12 ; vw ¼ vweea13 :
ð17Þ
Here e is a parameter and ai (i= 1, 2, . . .13) are all arbi-
trary real constant with not all zero. By considering Eqs.
(10)–(15) and boundary conditions Eq. (16) in (*) forms is as
follows:c2 = c4 = 0, Bi= 0.1, Sc= Pr= 10.
0.3 0.4 0.5
0.076878 0.059665 0.038334
2) (0.076878) (0.059665) (0.038325)
0.075082 0.055349 0.032500
2) (0.075082) (0.055349) (0.032498)
0.072917 0.050269 0.026900
9) (0.072917) (0.050269) (0.026905)
0.070265 0.044550 0.021994
5) (0.070265) (0.044558) (0.022010)
0.066974 0.038600 0.018011
8) (0.066974) (0.038620) (0.018035)
Figure 2 Effect of c2 on the dimensionless (a) x-component of velocity, (b) y-component velocity, (c) temperature, (d) nanoparticles
volume fraction and (e) microorganism.
Three dimensional stagnation point ﬂow of bionanoﬂuid 1987
1988 N.A. Amirsom et al.@u
@x
þ @v

@y
þ @w

@z
¼ 0; ð18Þ
u
@u
@x
þ v @u

@y
þ w @u

@z
¼ k2ue
due
dx
þ ð1þ c2/Þ @
2u
@z2
þ c2 @u

@z
@/
@z
 
; ð19Þ
u
@v
@x
þ v @v

@y
þ w @v

@z
¼ k2ve
dve
dy
þ ð1þ c2/Þ @
2v
@z2
þ c2 @v

@z
@/
@z
 
; ð20Þ
u
@h
@x
þ v @h

@y
þ w @h

@z
¼ 1
Pr1
ð1þ c4/Þ @
2h
@z2
þ c4 @h

@z
@/
@z
 
þ Nb
Pr1
ð1þ 2c6/ þ c6Þ @h

@z
@/
@z
þ Nt
Pr1
@h
@z
 	2
; ð21Þ
u
@/
@x
þ v @/

@y
þ w @/

@z
¼ 1
Sc
ð1þ c6/Þ @
2/
@z2
þ c6 @/

@z
 	2" #
þ Nt
Nb
1
Sc
@2h
@z2
; ð22Þ
u
@v
@x
þ v @v

@y
þ w @v

@z
þ Pe
Sb
v
@2/
@z2
þ @/

@z
@v
@z
 
¼ 1
Sb
ð1þ c8/Þ @
2v
@z2
þ c8 @/

@z
@v
@z
 
; ð23Þ
with corresponding boundary conditions:
u ¼ uw; v ¼ vw; w ¼ 0;
@h
@z
¼  Bið1þ c4/Þ ½1 hð0Þ;
ð1þ 2c6/ þ c6Þ @/

@z
þ Nt
Nb
@h
@z
¼ 0;
v ¼ 1 at z ¼ 0;
u ¼ ueðxÞ ¼ ax; v ¼ veðyÞ ¼ ay; h ! 0; / ! 0;
v ! 0 as z!1:
ð24Þ
By solving and applying the scaling group transformation
Eq. (17) into Eqs. (18)–(23) together with Eq. (24), the follow-
ing relationship among the exponents is found to be invariants
if ai’s are related as follows:Figure 3 Effect of c4 on the dimensionless temperature.a1 ¼ a4 ¼ a7 ¼ a12; a3 ¼ a6 ¼ a9 ¼ a10 ¼ a11 ¼ 0;
a2 ¼ a5 ¼ a8 ¼ a13: ð25Þ
Using Eq. (25), transformations in Eq. (17) become:
C : u ¼ ueea1 ; v ¼ veea2 ; w ¼ weea2 ; x ¼ xeea1 ;
y ¼ yeea2 ; z ¼ z; ue ¼ ueeea1 ;
ve ¼ veeea2 ; / ¼ /; h ¼ h; v ¼ v; uw ¼ uweea1 ;
vw ¼ vweea2 :
ð26Þ
Expanding using the Taylor’s series in power of e, and by
neglecting the higher power of e yields
u ¼ uð1þ ea1Þ; v ¼ vð1þ ea2Þ; w ¼ wð1þ ea2Þ;
x ¼ xð1þ ea1Þ;
y ¼ yð1þ ea2Þ; z ¼ zð1þ 0Þ; ue ¼ ueð1þ ea1Þ;
ve ¼ veð1þ ea2Þ;
/ ¼ /ð1þ 0Þ; h ¼ hð1þ 0Þ; v ¼ vð1þ 0Þ;
uw ¼ uwð1þ ea1Þ; vw ¼ vwð1þ ea2Þ:
ð27Þ
Differential form of expression in Eq. (27) is
du
a1u
¼ dy
a1v
¼ dx
a1x
¼ dy
a2y
¼ due
a1ue
¼ dve
a2ve
¼ duw
a1uw
¼ dvw
a2vw
ð28Þ
From Eq. (28), by solving one by one, the following trans-
formations are obtained:
g¼ z; u¼ xf0ðgÞ; v¼ yg0ðgÞ; w¼½fðgÞþ gðgÞ; h¼ hðgÞ;
/¼/ðgÞ; v¼ vðgÞ; ue ¼ x; ve ¼ y; uw ¼ xðuwÞ0; vw ¼ xðvwÞ0:
ð29Þ
where g is the similarity independent variable, f(g), g(g), h(g),
/(g) and v(g) are the dimensionless stream function, tempera-
ture, nanoparticle volume fraction functions and microorgan-
isms, respectively. (uw)0 is the constant velocity component at
the surface, and (vw)0 is the constant velocity component at
the normal surface. By substituting Eq. (29) into Eqs. (10)–
(16), the similarity transformation equations obtained in terms
of ODEs are as follows:
ð1þ c2/Þf 000 þ f 00ðfþ gÞ  f 02 þ c2f 00/0 þ k2 ¼ 0; ð30Þ
ð1þ c2/Þg 000 þ g00ðfþ gÞ  g02 þ c2g00/0 þ k2 ¼ 0; ð31Þ
ð1þ c4/Þh00 þ Pr1ðfþ gÞh0 þNth02 þ c4h0/0
þNbh0/0½1þ c6ð2/þ 1Þ ¼ 0; ð32Þ
ð1þ c6/Þ/00 þ c6/02 þ Scðfþ gÞ/0 þ Nt
Nb
h00 ¼ 0; ð33Þ
ð1þ c8/Þv00 þ Sbðfþ gÞv0  Pev/00 þ ðc8  PeÞ/0v0 ¼ 0; ð34Þ
and the boundary conditions become
f 0ð0Þ ¼ k1; g0ð0Þ ¼ k3; fð0Þ ¼ gð0Þ ¼ 0;
h0ð0Þ ¼  Bi½1þ c4/ ½1 hð0Þ;
½1þ 2c6/ð0Þ þ c6/0ð0Þ þ Nt
Nb
h0ð0Þ ¼ 0ðPCÞ;
/ð0Þ ¼ 1ðACÞ; vð0Þ ¼ 1:
f 0ð1Þ ¼ k2; g0ð1Þ ¼ k2; hð1Þ ¼ /ð1Þ ¼ vð1Þ ¼ 0:
ð35Þ
Figure 4 Effect of c6 on the dimensionless (a) x-component of velocity, (b) y-component velocity, (c) temperature, (d) nanoparticles
volume fraction and (e) microorganism.
Three dimensional stagnation point ﬂow of bionanoﬂuid 1989The physical quantities in this study are the skin friction
along the x-axis Cfx , skin friction along the y-axis Cfy , Nusselt
number Nux, Sherwood number, Shx and the density number
of motile microorganisms Nnx is deﬁned asCfx ¼
swx
qu2e
; Cfy ¼
swy
qv2e
; Nux ¼ xqw
kðCÞðTf  T1Þ ;
Shx ¼ xqm
DBðCÞðCw  C1Þ ; Nnx ¼
xqn
DnðCÞðnw  n1Þ : ð36Þ
Figure 5 Effect of c8 on the dimensionless microorganism.
Figure 6 Effect of Sb on the dimensionless microorganism.
Figure 7 Effect of Sc on the dimensionless nanoparticle volume
fraction.
Figure 8 Effect of Pe on the dimensionless microorganism.
1990 N.A. Amirsom et al.where sw, qw, qm and qn represent the skin friction, surface heat
ﬂux, surface mass ﬂux and the surface motile microorganism
ﬂux and is deﬁned by
swx ¼ lðCÞ @u
@z

z¼0
; swy ¼ lðCÞ @v
@z

z¼0
; qw ¼ kðCÞ
@T
@z

z¼0
;
qm ¼ DBðCÞ
@C
@z

z¼0
; qn ¼ DnðCÞ
@v
@z

z¼0
:
ð37Þ
Substituting Eq. (37) into (36), one obtains
Cfx ¼
lðCÞ
qu2e
@u
@z
 	
z¼0
; Cfy ¼
lðCÞ
qv2e
@v
@z
 	
z¼0
;
Nux ¼ xðTf  T1Þ
@T
@z
 	
z¼0
;
Shx ¼ xðCw  C1Þ
@C
@z
 	
z¼0
; Nnx ¼ x
nw
@n
@z
 	
z¼0
:
ð38ÞThen, substituting Eqs. (9) and (29) into (38), yields
Re
1=2
x Cfx ¼ð1þc2/Þf00ð0Þ; Re1=2y Cfy ¼ð1þc2/Þg00ð0Þ;
Re
1=2
x Nux¼h0ð0Þ;Re1=2x Shx¼
/0ð0Þ
/ð0Þ ; Re
1=2
x Nnx¼v0ð0Þ:
ð39Þ5. Maple numerical solutions and validation
We have successfully transformed the set of PDEs to a set of
ODEs and the numerical solution of the transformed ODEs
is much easier compared to the original PDEs. The set of non-
linear ODEs, Eqs. (30)–(34) with boundary conditions in Eq.
(35) have been solved numerically by using the Runge-Kutta-
Fehlberg fourth-ﬁfth numerical method under Maple 17 for
various values of the ﬂow controlling parameters. This method
has been successfully applied by Gorla and Sidawi [31] and
Figure 9 Variations of the local skin ﬁction factor, f00ð0Þ with c4
and Bi for a different value of c2.
Figure 10 Variations of the local mass transfer rate, /0(0) with c2
Three dimensional stagnation point ﬂow of bionanoﬂuid 1991Khan et al. [27] and has generated accurate results. In the
absence of concentration and microorganism equation, the
comparison values of h0(0) are obtained in Tables 1 and 2
below and found an excellent agreement which reﬂects the
accuracy of the current numerical method.
6. Results and discussion
The numerical results are denoted in the form of dimensionless
velocity x-component and y-component, temperature,
nanoparticles volume fraction function and microorganism
which are f0(g), g0(g), h(g), /(g) and v(g) respectively. In our
ODEs system, we have 11 controlling parameters that are Pr,
Nb, Nt, Sb, Sc, Pe, Bi, c2, c4, c6, c8. In the present paper, the
inﬂuence of Pr, Nb, Nt, Bi since these parameters have been
considered in many previous studies and their effects are well
documented [27]. So, we only focused on the effect of parame-
ters c2, c4, c6, c8, Sb, Sc, Pe on velocity proﬁle, heat transfer,
nanoparticle volume fraction transfer and microorganism
transfer characteristic. During computations, it is considered
that k1 = k3 = 0, k2 = 1, Pr= 6.8, Nb= Nt= 0.00001.
Fig. 2(a)–(e) illustrates the effect of the variable viscosity
parameter c2 on the dimensionless x- and y-components of
the velocity, temperature, nanoparticles volume fraction and
microorganisms. These ﬁgures illustrate that the thickness
of concentration boundary layer is small in comparison
with hydrodynamic and thermal boundary layers. In
Fig. 2(a), (b) and (d), the dimensionless x- and
y-components of velocity as well as nanoparticle volume
fraction increase with the increase of viscosity parameter
c2. Therefore, the result shows the effect of variable viscos-
ity parameter on the boundary layer. Different with the
dimensionless temperature and microorganism, both are
decreasing with the increase of viscosity parameter as
shown in Fig. 2(c) and (e).
It is observed that as the value of c2 increases, the dimen-
sionless temperature decreases which means that the ther-
mophoresis effect grows substantially. Consequently, the
volume fraction of nanoparticles at the surface becomes
higher.
The graph in Fig. 3 exhibits the effect of thermal conductive
parameter, c4 on the dimensionless temperature. Here, the
dimensionless temperature tends to decrease as the thermal
conductive parameter increases. Physically, when the magni-
tude of c4 increases, the thermal conductivity coefﬁcient
decreases, and hence, the temperature declines. Therefore,
the number of nanoparticles adjacent to the sheet, in the case
in which c4 > c2, which is higher than that in the case in which
c4 < c2. It is worth noting that the variation of both c2 and c4
has insigniﬁcant impression on the hydrodynamic boundary
layer.
Fig. 4(a)–(e) shows the signiﬁcance of effect of mass diffu-
sivity parameter, c6 on the dimensionless x-component of
velocity, y-component of velocity, temperature, nanoparticle
volume fraction and microorganism respectively. Fig. 4
(a) and (b) shows the decrease of dimensionless x-component
of velocity, y-component of velocity as the mass diffusivity
parameter increases. Fig. 4(c)–(e) clearly shows that when
the mass diffusivity increases, the dimensionless temperature,
nanoparticle volume fraction and microorganism have also
increased.Fig. 5 illustrates the effect of microorganism diffusivity, c8
on the dimensionless microorganism. A rise of value of
microorganism diffusivity parameter from 0.1 to 1.0 clearly
shows that dimensionless microorganism decreases.
Fig. 6 illustrates the effect of Bioconvection Schmidt num-
ber, Sb on the dimensionless microorganism. The aiding effect
of increasing bioconvection Lewis number (Sb) is attributable
to the decrease in Dn (the diffusivity of micro-organisms) rela-
tive to am (effective thermal diffusivity of the porous medium).
The motile microorganism rescaled density boundary layer
thickness is decreased both with increasing Sb numbers.
Fig. 7 displays the effect of the Schmidt number, Sc on the
dimensionless nanoparticle volume fraction. Schmidt number
represents the relative strength of the thermal diffusion to
nanoparticle diffusion rates. For Sc> 1, thermal diffusivity
will exceed nanoparticle diffusivity. This will result in a mani-
fest enhancement in magnitudes of nanoparticle concentra-
tions in the regime and an associated accentuation inand Sc for a different value of c4.
Figure 11 Variations of the local heat transfer rate, h0(0) with
Sc and Bi for a different value of c4.
Figure 12 Variations of the local microorganism transfer rate,
v0(0) with Pe and c8 for a different value of Sb.
1992 N.A. Amirsom et al.nano-particle concentration boundary layer thickness. The
graph in Fig. 7 shows that when the value of Schmidt number
increases, the dimensionless nanoparticle volume fraction is
also increased.
Fig. 8 shows the effect of Pe´clet number, Pe on the dimen-
sionless microorganism proﬁles. Pe correlates the rate of
advection of a ﬂow to its rate of diffusion Dn i.e. the species
diffusivity of microorganisms. Clearly since Pe= bWc/Dn,
for a given chemotaxis constant, Pe is directly proportional
to Wc (constant maximum cell swimming speed) and inversely
proportional to Dn (the diffusivity of micro-organisms). For
Pe> 1, swimming motions will dominate species diffusivity
of micro-organisms and this will lead to a reduction in density
of motile micro-organisms (Fig. 8). The converse behavior
would arise for Pe< 1. This parameter can therefore be
manipulated via the selection of different micro-organisms to
achieve a different distribution in, for example, microbial fuel
cells, leading to a change in efﬁciency of the fuel cell, in partic-ular at the fuel cell wall. The aiding effect of increasing biocon-
vection Lewis number (Lb) is attributable to the decrease in Dn
(the diffusivity of micro-organisms) relative to am (effective
thermal diffusivity of the porous medium). The motile
microorganism rescaled density boundary layer thickness is
decreased both with increasing Lb and Pe numbers. We have
conﬁned attention to the boundary layer regime, in the purely
laminar case, in the present paper. However it is also possible
to study fully developed channel bioconvection ﬂows and these
are deferred to subsequent investigations.
6.1. Local skin friction factor, f 00(0)
Fig. 9 exhibits the variations of the local skin friction factor,
f 00ð0Þ versus Biot number, Bi and thermal conductivity param-
eter, c4 for a different value of viscosity parameter, c2. Observe
that f 00ð0Þ increases with increase of c2, c4 and Bi.
6.2. Local mass transfer rate, /0(0)
Fig. 10 shows the variations of the local mass transfer rate,
/0(0) versus Schmidt number, Sc and viscosity parameter,
c2 for a different value of thermal conductivity parameter c4.
An increase of the value of c2, c4 and Sc gives results for local
mass transfer to increase.
6.3. The local heat transfer rate, h0(0)
Fig. 11 depicts the variations of the local heat transfer, h0(0)
versus Biot number, Bi and Schmidt number, Sc for a different
value of thermal conductivity parameter, c4. It shows that
h0(0) increases with increase of c4 and Bi while it decreases
with Sc.
6.4. The local microorganism transfer rate, v0(0)
Fig. 12 demonstrates the variations of the local microorganism
heat transfer, v0(0) versus microorganism diffusivity parame-
ter, c8 and Pe´clet number, Pe for a different value of Biocon-
vection Schmidt number, Sb. Results shows that v0(0)
increases with increase of Sb and c8 but it decreases with Pe.
7. Conclusion
The governing equations of three dimensional stagnation point
ﬂow of bionanoﬂuid with variable transport properties are
non-dimensionalized and transformed into a set of similarity
equations using similarity transformation developed by Lie
group analysis. The numerical results for nanoﬂuid with
microorganisms and variable transport properties as well as
zero mass ﬂux and thermal convective in boundary condition
are obtained and compared with published results for some
limiting cases. The convective process is controlled by the
parameters c2, c4, c6, c8, Sb, Sc, Pe. Based on the numerical
results, we observed that:
 The dimensionless x-and y-components velocity increases
with increasing c2 while it decreases with increasing c6.
 The dimensionless temperature increases with the increasing
c6 but decreases with the increase of c2 and c4.
Three dimensional stagnation point ﬂow of bionanoﬂuid 1993 The dimensionless nanoparticle volume fraction increases
with increasing Sc, c2 and c6.
 The dimensionless microorganisms increase with increasing
Pe and c6 while it decreases with increasing c2, c8 and Sb.
Acknowledgment
The authors acknowledge ﬁnancial support from Universiti
Sains Malaysia, RU Grant 1001/PMATHS/811252. The
authors gratefully acknowledge the reviewer comments which
help to improve the paper.
References
[1] P. Rana, R. Bhargava, Flow and heat transfer of a nanoﬂuid
over a nonlinearly stretching sheet: a numerical study, Commun.
Nonlinear Sci. Numer. Simul. 17 (1) (2012) 212–226.
[2] S.U.S. Choi, Enhancing thermal conductivity of ﬂuids with
nanoparticles, ASME-Publ.-Fed. 231 (1995) 99–106.
[3] K.V. Wong, O. De Leon, Applications of nanoﬂuids: current
and future, Adv. Mech. Eng. 2 (2010) 1–11.
[4] W. Yu, H. Xie, A review on nanoﬂuids: preparation, stability
mechanisms, and applications, J. Nanomater. 2012 (2012) 1–17.
[5] W.A. Khan, O.D. Makinde, MHD nanoﬂuid bioconvection due
to gyrotactic microorganisms over a convectively heat stretching
sheet, Int. J. Therm. Sci. 81 (2014) 118–124.
[6] R. Saidur, K.Y. Leong, H.A. Mohammad, A review on
applications and challenges of nanoﬂuids, Renew. Sustain.
Energy Rev. 15 (3) (2011) 1646–1668.
[7] V. Kumar, A.K. Tiwari, S.K. Ghosh, Application of nanoﬂuids
in plate heat exchanger: a review, Energy Convers. Manage. 105
(2015) 1017–1036.
[8] T.J. Pedley, N.A. Hill, J.O. Kesslerf, The growth of
bioconvection patterns in a uniform suspension of gyrotactic
micro-organisms, J. Fluid Mech. 195 (1998) 223–237.
[9] A.V. Kuznetsov, A.A. Avramenko, P. Geng, Analytical
investigation of a falling plume caused by bioconvection of
oxytactic bacteria in a ﬂuid saturated porous medium, Int. J.
Eng. Sci. 42 (5) (2004) 557–569.
[10] K.J. Ravi, K.G.P. Vinod, Nanoﬂuids: a promising future, J.
Chem. Pharm. Sci. (2014).
[11] W.N. Mutuku, O.D. Makinde, Hydromagnetic bioconvection of
nanoﬂuid over a permeable vertical plate due to gyrotactic
microorganisms, Comput. Fluids 95 (2014) 88–97.
[12] H.G. Lee, J. Kim, Numerical investigation of falling bacterial
plumes caused by bioconvection in a three-dimensional
chamber, Eur. J. Mech.-B/Fluids 52 (2015) 120–130.
[13] A. Raees, H. Xu, S.J. Liao, Unsteady mixed nano-bioconvection
ﬂow in a horizontal channel with its upper plate expanding or
contracting, Int. J. Heat Mass Transfer 86 (2015) 174–182.
[14] K. Hiemenz, Die Grenzschicht an einem in den gleichfo¨rmigen
Flu¨ssigkeitsstrom eingetauchten geraden Kreiszylinder,
Dingler’s Polytech. J. 326 (1911) 321–324.[15] H. Schlichting, K. Bussmann, Exakte Lo¨sungen fu¨r die laminare
Reibungschicht mit Absaugung und Ausblasung, Schrift, d. D.
Akad. Luftfahrtforschung 7 (1943) 25–69.
[16] P.D. Ariel, Stagnation point ﬂow with suction: an approximate
solution, J. Appl. Mech. 61 (4) (1992) 976–978.
[17] N. Bachok, A. Ishak, R. Nazar, I. Pop, Flow and heat transfer
at a general three-dimensional stagnation point in a nanoﬂuids,
Physica B 405 (24) (2010) 4914–4918.
[18] W. Ibrahim, B. Shankar, M.M. Nandeppanavar, MHD
stagnation point ﬂow and heat transfer due to nanoﬂuid
towards a stretching sheet, Int. J. Heat Mass Transfer 56 (1)
(2013) 1–9.
[19] R.U. Haq, S. Nadeem, Z.H. Khan, N.S. Akbar, Thermal
radiation and slip effects on MHD stagnation point ﬂow of
nanoﬂuid over a stretching sheet, Physica E 65 (2015) 17–23.
[20] B.J. Gireesha, B. Mahanthesh, I.S. Shivakumara, K.M.
Eshwarappa, Melting heat transfer in boundary layer
stagnation-point ﬂow of nanoﬂuid toward a stretching sheet
with induced magnetic ﬁeld, Eng. Sci. Technol. Int. J. 19 (2016)
313–321.
[21] M.A.A. Hamad, M.J. Uddin, A.M. Ismail, Investigation of
combined heat and mass transfer by Lie group analysis with
variable diffusivity taking into account hydrodynamic slip and
thermal convective boundary conditions, Int. J. Heat Mass
Transfer 55 (4) (2012) 1355–1362.
[22] S.K. Das, S.U. Choi, W. Yu, T. Pradeep, Nanoﬂuids: Science
and Technology, John Wiley & Sons Publishers, United States
of America, 2007.
[23] M. Chandrasekar, S. Suresh, A review on the mechanisms of
heat transport in nanoﬂuids, Heat Transfer Eng. 30 (14) (2009)
1136–1150.
[24] K. Khanafer, K. Vafai, A critical synthesis of thermophysical
characteristics of nanoﬂuids, Int. J. Heat Mass Transfer 54 (19)
(2011) 4410–4428.
[25] A. Noghrehabadi, A. Behseresht, Flow and heat transfer
affected by variable properties of nanoﬂuids in natural-
convection over a vertical cone in porous media, Comput.
Fluids 88 (2013) 313–325.
[26] A.V. Kuznetsov, D.A. Nield, Natural convective boundary-
layer ﬂow of a nanoﬂuid past a vertical plate: a revised model,
Int. J. Therm. Sci. 77 (2014) 126–129.
[27] J.A. Khan, M. Mustafa, T. Hayat, M.A. Farooq, A. Alsaedi, S.
J. Liao, On model for three-dimensional ﬂow of nanoﬂuid: an
application to solar energy, J. Mol. Liq. 194 (2014) 41–47.
[28] J.M. Hill, Differential Equations and Group Methods for
Scientists and Engineers, CRC Press, United States, 1992.
[29] M.J. Uddin, Boundary layer solution for convective ﬂow via
various group transformation methods Ph.D Thesis, School of
Mathematics Sciences, USM, Malaysia, 2013.
[30] B.J. Cantwell, Introduction to Symmetry Analysis, Cambridge
University Press, United Kingdom, 2003.
[31] R.S.R. Gorla, I. Sidawi, Free convection on a vertical stretching
surface with suction and blowing, Appl. Sci. Res. 52 (3) (1994)
247–257.
